Abstract. Based on Cynk-Hulek method from [3] we construct complex CalabiYau varieties of arbitrary dimensions using elliptic curves with automorphism of order 6. Also we give formulas for Hodge numbers of varieties obtained from that construction. We shall generalize result of [5] to obtain arbitrarily dimensional Calabi-Yau manifolds which are Zariski manifolds in characteristic p ≡ 2 (mod 3) or p ≡ 3 (mod 4).
Introduction
First examples of modular higher dimensional Calabi-Yau manifolds were generalized Kummer type Calabi-Yau n-folds constructed by S. Cynk and K. Hulek in [3] . Recently, these Calabi-Yau varieties were considered in context of the following Voisin conjecture:
1.1. Conjecture (see [7] ). Let X be a smooth projective variety of dimension n, such that h n,0 (X) = 1 and h j,0 (X) = 0 for 0 < j < n. Then any two zero-cycles a, a ∈ CH n num (X) satisfy a × a = (−1) n a × a in CH n (X × X).
R. Laterveer and C. Vial in [6] proved that this conjecture is true for Calabi-Yau manifolds obtained in [3] . Also, these are the first higher dimensional examples satisfying 1.1. In the proof they used a particular shape of Hodge diamond of these varieties i.e. nonzero numbers only on diagonals.
In the present paper we will give the missing construction for elliptic curves admitting automorphisms of order 6 and prove that there exists a crepant resolution of these manifolds. That resolution of singularities cannot be constructed as the iterated approach from [3] or using factorisation of an action of degree 6 into actions of order 2 and 3. Moreover, using Chen-Ruan cohomology we compute Hodge numbers and Euler characteristic of all varieties constructed in that way.
Kummer surfaces of supersingular elliptic curves in positive characteristic were used by T. Katsura and M. Schütt in [5] to construct first examples of Zariski K3 surfaces. We extend these methods to construct arbitrarily dimensional Calabi-Yau manifolds which are Zariski varieties. As a corollary we obtain the first examples of higher dimensional unirational Calabi-Yau manifolds. 
¬ is an n-dimensional Calabi-Yau manifold. Moreover, for n > 2 such Calabi-Yau varieties form a complete family.
Calabi-Yau manifolds with an action of a group of order 6
Let X 1 , X 2 be two Calabi-Yau manifolds with automorphisms η i : X i → X i (for i = 1, 2) of order 6 such that
where ζ 6 denotes the fixed 6-th root of unity.
Assume that:
(1) Fix(η 1 ) (the fixed point locus of η 1 ) is a disjoint union of smooth divisors, in particular η 1 has linearisation of the form (ζ 6 , 1, 1, . . . , 1) near any point of Fix(η 1 ), (2) Fix(η 2 ) is a disjoint union of submanifolds of codimension at most 3. In particular η 2 has linearisation of the form • (ζ Then the quotient (X 1 ×X 2 )/(η 1 ×η 2 ) of the product X 1 ×X 2 by the action of η 1 × η 2 admits a crepant resolution of singularities (
¬ that satisfies all assumption we put on η 2 .
Proof. By the assumption we made, the automorphism η := η 1 × η 2 has a local linearisation around any fixed point of one of the following types:
(i) (ζ 6 , ζ 1) shows decomposed junior simplex, for details see [2] . Thus the map from X 1 × X 2 to the resolution is given in affine charts as
Therefore the action of id ×η 2 lifts to the resolution as (1, ζ 6 , ζ 2 ) is suitable for our considerations. For the chosen resolution, the map from X 1 × X 2 to the resolution is given in affine charts as
The action of id ×η 2 has a local linearisation (1, ζ (iv) If η has a local linearisation given by (ζ 6 , ζ 6 , ζ
, then the map is given by
The action of id ×η 2 has a local linearisation (1, ζ 6 , ζ In all considered cases the action on (X 1 × X 2 )/η ¬ induced by id ×η 2 satisfies the assumptions we made on the action η 2 .
Finally near the points of Fix(η
, then using Prop. 2.1 and 3.1 of [3] we construct a crepant resolutions of
Remark. In the constructed crepant resolution of X 6,n we need a suitable toric resolution, as the iterated approach in [3] leads to a local action of type (ζ 6 , ζ 6 , ζ ). Also, we were not able to use a factorisation of an action of order 6 into an action of order 2 and 3, as such factorisation had a local action of type
Theorem. There exists a crepant resolution of X 6,n = E n 6 /G 6,n . Repeating the argument of R. Laterveer and C. Vial given in [6] we obtain the following: 3.4. Corollary. The Calabi-Yau manifold X 6,n satisfies conjecture 1.1.
Hodge numbers of X d,n
In the present section we shall compute the Hodge diamond of all considered varieties.
To simplify computations we will use the following Poincaré polynomial
associated to any projective manifold V of dimension n. Let us also denote by
We will prove the following:
Substituting appropriate roots of unity into above formulas we get: 4.1. Preliminaries. Let E be an elliptic curve. Combining Künneth's formula with a standard induction argument we see that
We begin with the following:
4.3. Lemma. For any 1 ≤ p, q ≤ n, the following equalities hold
Proof. The Hodge vector spaces H p,q (E n d ) are generated by differential forms of the following shape
In the case of d = 2, we see that such (p, q)-form is G 2,n invariant if and only if
Each of the cases provides n p choices.
Suppose that there exists k ∈ {i 1 , i 2 , . . . , i p }\{j 1 , j 2 , . . . , j q }, and l ∈ {1, 2, . . . , n}\ {i 1 , i 2 , . . . , i p , j 1 , j 2 , . . . , j q } and without loss of generality assume that k < l. Then given (p, q)-form is not invariant under 1, . . . , −1
In a similar way we prove the formula for d = 3, 4, 6. 4.2. Z/6Z action. From the orbifold formula (see [8] ) we get
where, Λ(g) denotes the set of irreducible connected components of the set fixed by g ∈ G d,n and age(g) is the age of the matrix of linearised action of g near a point of U. Now consider an element . We have the following cases:
• w = n. Then u = v = s = t = 0. The action of ζ 3 6 on E 6 has four fixed points -{P, (1, 0), (ζ 3 , 0), (ζ 2 3 , 0)} (where P denotes an infinity point of E d ) from which only P is invariant under ζ 6 and the remaining three form a 3-cycle, producing two orbits. Therefore from the orbifold formula, the contribution to Poincaré polynomial is equal to 2 · (XY )
In that case u = w = t = 0. The action of ζ • w, v + s < n. The number of orbits equals 2 v+s · 2 w , hence the contribution equals to 
Therefore the total Poincaré polynomial equals
Evaluating the above formula at 6-th roots of unity we get e (X 6,n ) = 1 6 (10 n + 3 · 2 n + 8) + 4(−1) n . . Repeating the above argument we get
Z/4Z action. Consider
Evaluating the above formula at 4-th roots of unity we get e (X 4,n ) = 1 4 (9 n + 3) + 3(−1) n . , hence from the orbifold formula we obtain
In particular 
an arbitrary element of G 2,n , where u is even. Then from the orbifold formula we have
In particular
which agrees with the formula given in [3] .
Zariski Calabi-Yau manifolds
In this section we extend the argument given in [5] to obtain higher dimensional Calabi-Yau manifolds, which are Zariski varieties.
5.1.
Definition. An algebraic variety X of dimension n, over algebraically closed field of characteristic p is called a Zariski variety if there exists a purely inseparable dominant rational map P n −→ X of degree p.
Zariski varieties are necessarily unirational. Katsura and Schütt constructed first examples of Zariski K3 surfaces using the classical Kummer construction in dimension 2. The crucial part of their idea was a special endomorphism of supersingular elliptic curves admitting automorphisms of order 3 and 4. We will generalize their construction to arbitrary dimension.
5.1. Z/3Z action. Let E i be the elliptic curve given by the equation
i , for i ∈ {1, 2, . . . , n} with the ζ 3 action τ 3 : (x, y) → (ζ 3 x, y) and consider groups Moreover we have the following relation
Taking α := y n y n−1
, we get the equation
which is linear in y n−1 , hence the variety X n is rational. Now, consider a prime number p ≡ 2 (mod 3) and the supersingular elliptic curve E 3 over a field k, such that ζ 3 ∈ k and niochar k = p, defined by equation y 2 + y = x 3 , and with the ζ 3 action τ 3 : (x, y) → (ζ 3 x, y). The endomorphism ring of E may be represented as
where F is a Frobenius morphism of E 3 , with the relation F τ 3 = τ 2 3 F (cf. [4] ).
Proof. Commutativity of the following diagram
2 is a rational variety, the theorem follows.
5.2. Z/4Z action. Let E i be the elliptic curve given by the equation
. . , n} with the ζ 4 action τ 4 : (x, y) → (−x, iy) and consider groups
As in the previous section the following lemma holds
Proof. The monomial x n , x 1 x 2 . . . x n−1 x n = z 1 t n , y 2 n x n = t n (t n − 1), y 
